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Abstract. In this article we characterize all biharmonic curves of the Cartan-Vranceanu 
3-dimensional spaces and we give their explicit parametrizations. 



^ ■ 1. Introduction 

I Biharmonic curves 7 : I C M ^ {N, h) of a Riemannian manifold are the solutions of the 

^ ' fourth order differential equation 

V3,7'-i2(7',Vy7')7' = 0. 

As we shall detail in the next section, they arise from a variational problem and are a natural 
generalization of geodesies. 
^ , In the last decade have appeared several papers on the construction and classification 

of biharmonic curves starting with jjj, where the authors described the case of curves of a 
T^lj- ' surface. Biharmonic curves in a 3-dimensional Riemannian manifold with constant sectional 

O \ curvature K < are geodesies (see [S], for = 0, and 3^, for K < G); while, in (2j, the 

' authors proved that for K > Q the biharmonic curves are helices, that is curves with constant 

Q ■ geodesic curvature and geodesic torsion. 

\ Among the 3-dimensional manifolds of non-constant sectional curvature a special role 

+^ ■ is played by the homogeneous Riemannian spaces with a large isometry group. For these 

a spaces, except for those with constant negative curvature, there is a nice local representation 
. . I given by the following two-parameter family of Riemannian metrics (the Cartan-Vranceanu 

^ ■ metric) 

^ ' J 2 _ '^2;^ -I- dy'^ / £ ydx - xdy \^ p -ra 

_C^; '^"^ " [1 + m(x2 + y2)]2 + + 2 [1 + m{x^ + y^)] ) ' ^'""^^ 

defined on M = M"^ if m > 0, and on M = {(x, y, z) : x'^ + y'^ < —^} otherwise. 

Biharmonic curves on (M, ds'j^) have been already studied for particular values of £ and m. 
In particular, if m = and £ 0, {M, dsl^) is the Heisenberg space IH3 endowed with a left 
invariant metric and the explicit solutions of the biharmonic curves were obtained in [5]; if 
£. = \ and m 7^ a study of the biharmonic curves was given also in |7j . 

In this paper we prove that the biharmonic curves of {M,ds'j^) are helices and we find 
out their explicit parametric equations, for all values of £ and m. 
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2. Preliminary 

2.1. Biharmonic curves. Harmonic maps 4> ■ {M,g) {N,h) between Riemannian man- 
ifolds are the critical points of the energy functional -£^(0) = | /jyj \d(f)\'^Vg, and the cor- 
responding Euler-Lagrange equation is given by the vanishing of the tension field r((/>) = 
trace Vci(/>. Biharmonic maps (as suggested by J. Eells and J.H. Sampson in [2]) are the 
critical points of the bienergy functional -©2(0) = ^ /jvf l''"(0)P ''^g- S3 G.Y. Jiang derived 
the first variation formula of the bienergy showing that the Euler-Lagrange equation for E2 
is 

T2{())) = -J{T{(j))) = -At{(I)) - trace i?^(#, r((/.))# 
= 0, 

where J is the Jacobi operator of (/) and R'^ {X, Y) = V^Vy — Vy Vx — '^[x,Y] • The equation 
T2{4') = is called the biharmonic equation. 

Since J is linear, any harmonic map is biharmonic. Therefore, the main interest is to find 
and classify proper biharmonic maps, that is non-harmonic biharmonic maps. 

In this paper we restrict our attention to curves 7 : / — > (A^, h) parametrized by arc length, 
from an open interval / C M to a Riemannian manifold. In this case, putting T = 7', the 
tension field becomes t(7) = VtT and the biharmonic equation reduces to 

(1) V^T - R{T,VtT)T = 0. 

To describe geometrically Equation let recall the definition of the Frenet frame. 

Definition 2.1 (See, for example, [H]). The Prenet frame {-Pi}i=i,...,n associated to a curve 
7 : / C M — > {N^, h) parametrized by arc length is the orthonormalisation of the (n + l)-uple 

{V^^-'d7(^)}fc=o,...,n, described by: 

at 

V',Fi=kiF2, 

dt 

V\Fi = -h-iFi-i + kiFi+i, Vi = 2, . . . , n - 1, 

at 

y\Fn = -kn-lFn-l, 

dt 

where the functions {ki,k2, ■ ■ ■ , are called the curvatures of 7 and is the connection 

on the pull-back bundle ^~^(TN). Note that Fi = T = 7' is the unit tangent vector field 
along the curve. 

Using the Frenet frame, the biharmonic equation reduces to a differential system of the 
curvatures of 7 as shown in the following 

Proposition 2.2. Let 7 : / C M ^ {N"',h) (n>2) be a curve parametrized by arc length 
from an open interval o/M into a Riemannian manifold {N,g). Then 7 is biharmonic if and 
only if: 

' kik[ = 

k'i -kf- kikl + kiR{Fi,F2, Fi, F2) = 
< 2k[k2 + kik'2 + kiR{Fi,F2,FuFs) = 
kik2k3 + kiR{Fi,F2,Fi,F4) = 
kiRiFi,F2,Fi,Fj) = j = 5,...,n 
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Proof. With respect to its Frenet frame, the biharmonic equation of 7 is: 

Fi 



Vi Fi - R{Fi,VF,Fi)Fi = -3hk[Fi + {k'l - kf - kikl)F2 



1 - ^1^2) 

+{2k[k2 + kik'2)F3 + kik2k^Fi - kiR{Fi,F2)Fi 
0. 



□ 



If we look for proper biharmonic solutions, that is for biharmonic curves with ki 7^ 0, we 
have 

ki = constant 7^ 



(2) 



fe2 + fe2 = i2(Fi,F2,Fi,F2) 
k'2 = -RiFuF2,Fi,F3) 
k2k3 = -R{Fi,F2,Fi,Fi) 
R{Fi,F2,Fi,Fj) = 



J 



2.2. Riemannian structure of Cartan-Vranceanu 3-manifolds. Let m be a real pa- 
rameter. We shall denote by M the whole if m > 0, and by M = {{x,y,z) G : 
+ < — otherwise. Consider on M the following two-parameter family of Riemann- 
ian metrics 



2 dx'^ + dy'^ / £ ydx — xdy 

(3) "•5£,m = 7r~i { 2 , ¥^ -I- I az -|- 



[1 -h m(x2 y2)]2 \^ 2[l + m{x'^ +y'^)\ 
where m G M. 

These metrics have been known for a long time. They can be found in the classification 
of 3-dimensional homogeneous metrics given by L. Bianchi in 1897 (see later, they 
appeared in form @ in E. Cartan, ([H] p. 304) and in G. Vranceanu (see p. 354). 

Their geometric interest lies in the following fact: the family of metrics ^ includes all 3- 
dimensional homogeneous metrics whose group of isometrics has dimension 4 or 6, except 
for those of constant negative sectional curvature. 
The Cartan-Vranceanu metric ^ can be written as: 

3 

i=l 

where, putting F = 1 + m{x^ + y^), 

^ dx n dy n , I ydx — xdy 

(4) uj^ = — , = — , uj^ = dz + -- 

and the orthonormal basis of dual vector fields to the 1-forms @ is 

(5) ^i = F#-^#, ii^2 = F# + -#, F3 = #. 

ox 2 oz oy 2 oz oz 

For completeness we give the expressions, with respect to the orthonormal basis ©, of the 
Levi-Civita connection and of the nonzero components of the curvature and Ricci tensors: 
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(6) 



(7) 



^ E2E2 



2myE2 
2mxEi 




R 



1212 



Am — 



-2myEi + 
-2mxE2 - 1^3 



R 



1313 



R 



2323 



■2E2 



VE3-E2 = 2E1 
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(8) 

Remark 2.3. 



P\\ = P22 = 4m 



P33 



• If £ = 0, then M is the product of a surface S with constant Gaussian curvature 4m 
and the real hne M. 

• If pii — /333 = 4m — = 0, then M has non negative constant sectional curvature. 

• From the Kowalski's classification [21 we know that the principal Ricci curvatures 
of SU{2) satisfy ^33 > 0, pu + pss > and pn ^ P33. Thus, form if ^ 7^ and 
m > 0, M is locally SU{2). ^ 

• Similarly, if £ 7^ and m < 0, M is locally SL{2, M), while if m = and ^ 7^ we get 
the left invariant metric on the Heisenberg space 1HI3. 

Remark 1231 gives rise to a nice geometric description of the metric dsj^ as shown in Figure^ 



4m = f 




Figure 1. The geometric description of the metric ds'j^. 



3. BiHARMONICITY CONDITIONS FOR CURVES IN (M, 

Let 7 : / ^ [M^dsj^) be a differentiable curve parametrized by arc length and let 



{El 



T — TiEi, Fo 



N = NiEi, F-i = B = BiEi} be the Frenet frame field tangent to M 



along 7 decomposed with respect to the orthonormal basis (jSJ. 
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By making use of (j2I) and of the expression of the curvature tensor field Q, we obtain the 
following system for the proper biharmonic curves 

{k = constant 7^ 
+ ^2 ^ ^ _ (^2 _ 4^)^2 
r' = {e - ^m)N^B^, 

where k = k\ and r = — A;2- 

By analogy with curves in M'^, also following |inj . we keep the name helix for a curve in a 
Riemannian manifold having constant both geodesic curvature and geodesic torsion. 

Remark 3.1. 

(z) If ^ = m = 0, (M, dsj^) is the Euclidean space and 7 is biharmonic if and only if it 
is a line (see [H]); 

(a) if i'^ = Am and £ ^ 0, then {M,ds'j^) is locally the 3-dimensional sphere and the 
proper biharmonic curves were classified in P], where it was proved that they are 
helices; 

(Hi) if £ = and m < 0, (M, dsf^) is isometric to x R with the product metric and 
it can be show that all biharmonic curves are geodesies. 

(iv) if m = and £ / 0, {M,ds'j^) is the Heisenberg space EI3 endowed with a left 
invariant metric and the biharmonic curves were studied in 0. 

(v) if ^ = 1 a study of the explicit solutions of Q was given in fl\. 

From now on we shall assume that i'^ ^ Am and m 7^ 0. This is, essentially, the only case 
left to study according to Remark l3.ll 
As in previous cases we have 

Theorem 3.2. // 7 : / ^ (Mjdsf^) is a proper biharmonic curve parametrized by arc 
length, then it is a helix. 

Proof. Let 7 : / ^ {M,ds'j^) be a non geodesic curve parametrized by arc length. Then 
from the Frenet's equation we have 

{VtB, E3) = tNs , 
while, using the definition of covariant derivative, we get 

{VtB,E3) = B'3+ ^-{TiB2 - T2B1) = B'3 - ^N3. 

Comparing the two equations we have 

(10) tNs = B's - ^Ns . 

Assume now that 7 is a proper biharmonic curve. We first show that B3 7^ 0. Indeed, if 
B3 = 0, then ((ini) implies that 

A^3(r+^)=0. 

The latter equation gives two possibilities: 

• if A^3 = (and B3 = 0) then T = ±£^3 and the curve 7 is a geodesic; 

• if (r + |) = then, using the second equation of ©, we must have that 7 is again a 
geodesic. 
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Therefore, B3 / 0. Deriving the second equation of © yields 

tt' = -{f - Am)B^Bi^ 
and, taking into account the third equation of ©, gives 

Thus tN^ = — i?3 that summed with tN^ = B'^ — ^N^ leads to 

iV3(4r + ^) = 0, 

and consequently r is constant. 

□ 

From the proof of Theorem 13 . 21 and © we have, in conclusion. 

Corollary 3.3. Let j : I ^ {M,dsj^) be a curve parametrized by arc length. Then j is a 
proper biharmonic curve if and only if 

k = constant 7^ 
, , T = constant 

(11) iV3 = 

^ fe2 + r2 = f - (£2 _ 4m)Bl 

4. Explicit formulas for proper biharmonic curves in {M,dsj^) 

In this section we use Corollary 13.31 to derive the explicit parametric equations of proper 
biharmonic curves in (Mjdsf^). We first prove the following 

Lemma 4.1. Let 7 : / ^ {M,ds^^) be a non-geodesic curve parametrized by arc length. If 
N3 = 0, then 

(12) T{t) = sinQocos/3(t)-Ei + sinQosin/3(t)£'2 + cosao-Es, 
where qq G (0, vr). 

Proof If y = T = TiEi + T2E2 + TsEs, from 

VtT = {Ti + £T2T3 + 2mxTi -2myTiT2)Ei 

+m-£TiT3 + 2myTl -2mxTi T2)E2 + E3 
= kN 

it follows that A'^a = if and only if T3 = 0, i.e. if and only if T3 = constant. Since 
T3 G (—1, 1) and the norm of T is one, there exists a constant oq E (0, vr) and a unique (up 
to a additive constant 2/c7r) smooth function /3 such that 

T{t) = sin ao cos (3{t)Ei + sin oq sin P{t)E2 + cos 00-^3 

□ 

Starting from the expression ()12() of T we are ready to state the main result. 



(13) 
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Theorem 4.2. Let (M, ds|j^) be the Cartan-Vranceanu space with m ^ and i'^ — Am ^ 0. 
Assume that 6 = 1"^ + (16m — 5^^) sin^ ag ^ 0, G (0, vr), and denote by 2wi 2 = — ^cos ao ± 
\/^. Then, the parametric equations of all proper biharmonic curves of{M,ds'j^) are of the 
following three types. 
Type I 

' x{t) = bsinaosmP{t) + a, b,ceR,b>0 
y{t) = —bsinaocos P{t) + d, dsM 
£ 1 

z{t) = -—P{t) + — \{4m-f)cosao-ioJio]t, 
4m 4m 

where P is a non-constant solution of the following ODE: 

(14) P' + 2md sin oq cos (3 — 2mc sin oq sin (3 = 1 cos oq + 2 m 6 sin^ oq + ^1^2, 
and i/ie constants satisfy 

+ d^ = — I (^cosao + 2 — 7) + m^sin^ ao 
m [ '6 

Type II If (3 = Pq = constant and cos Pq sin /3o / 0, the parametric equations are 

' x{t) = x{t) 
y{t) = x{t) tan Pq + a 

zit) = r(4m - f) cos ao - ^ 2U + 6, 6 G M 
4m ' 

where a = Jf^''^.'^^ and x(t) is a solution of the following ODE: 

zm sm ao cos po ^ ' j j a 

(15) x' = (1 + m[x^ + (xtan/Jo + o)^]) sinaocos/3o • 

Type III // cos /3o sin /?o = 0, up to interchange of x with y, cos /?o = and the parametric 
equations are 

wi,2 + ^cosao 

x{t) = xo = =F — ^ : 

2m sm ao 

yit) = y{t) 

zit) = r(4m - f) cos ao- luji2]t + b, 6 G M 

4m '- ' 

where y{t) is a solution of the following ODE: 

(16) y' = ± (1 + m[xo + y^]) sin ao • 

Proof. Let ^{t) = {x{t),y{t), z{t)) be a biharmonic curve parametrized by arc length. We 
shall make use of the Frenet formulas, and we shall take into account Corollary 18.31 and 
Lemma l4. II The covariant derivative of the vector field T given by (|12j) is 

VtT = [ — P' sin ao sin P — 2my sin^ oq cos P sin P 

+2mx sin^ ao sin^ P + £ cos ao sin ao sin P] Ei 
+ [/?' sin ao cos P + 2my sin^ ao cos^ P — 
—2mx sin^ ao cos P sin P — i cos ao sin ao cos /?] E2 
= kN, 
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where 

k = \P' + 2my sin ckq cos (3 — 2mx sin uq sin P — i cos qqI sin ao- 
We assume that 

(17) u = P' + 2my sin qq cos (3 — 2mx sin qq sin f3 — £ cos ao > 0. 

Then we have 



(18) 
and 

Next, 

(19) 

and 



k = Lo sin ao 
iV = - sin 13 El + cos (3E2. 
B = T X N = — cos ao cos l3Ei — cos ao sin I3E2 + sin uqE^ 



VtB = [(3' cos ao sin /? + 2my sin ao cos oq sin j3 cos /? — 2mx cos ao sin qq sin^ (3 

£ £ 
— - cos^ ao sin P + 2 ^^^'^ '^^ sin/3]£'i 

+ [— cos ao cos f3 — 2my sin ao cos ao cos^ /? + 2mx cos ao sin ao sin /? cos /? 
+- cos^ ao cos P ~ 2 ^'^^^ /5]-E'2 . 



It follows that the geodesic torsion r of 7 is given by 



(20) 



i 



-u> cos ao 



In order to find the explicit equations for 7(t) = {x(t),y{t), z(t)), we must integrate the 
system dj/dt = T, that in our case is 

sin ao cos /? 



(21) 



X 



1 + m(x^ + y2) 



y 



sin ao sin (3 



1 + m{x'^ + y^^ 

z' = cos ao + - sin ao {x sin (3 — y cos /?) . 

We now assume that /?' 7^ 0, that is we considerer solutions of Type I. Deriveting (|18j) and 
taking into account (PT|) we get 

^„ ^, 2mxx' + 2myy' 
1 + m{x'^ + y^) 

By integration of last equation we find 

(22) 1 + m{x^ + = h(3' , 6 > 0. 

Replacing 1)22(1 in (|21|) and integrating we obtain the solution 

' x(t) = 6sinao sin/3(t) + c 
y{t) = —h sin ao cos (3{t) + d 



(23) 



z{t) = (cos ao + — sm ao 



t f 

)t + - / (csinao sin/3 — dsinao cos/3) . 
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To determine (3 we replace in (fTT|) the values of /c, r and B3 given in (|TH|) . (|2()j) and (|19|) 
respectively. This gives 

(24) (j^ + w ^ cos ao + (^^ - 4m) sin^ ao = 
Assume that 5 = ("^ + (16m — 5^^) sin^ ao > 0; then the solutions of ((23} are 

— ^cosao ± \/5 
^1,2 = ^ , 

which are always different from zero. Since we have assumed that a; is a positive constant, 
we have to choose the positive root of ()24() . We point out that if u> is negative we get the 
same equation (pi)) . thus we keep both solutions of ((H}. 
Replacing in (|17() the values of x and y given in ()23|) we find 

— 2 m{c sin ao sin [3 — d sin ao cos (3) = I cos ao + 2 m 6 sin^ ao + uJi,2 ■ 

Finally, taking into account the integral of the latter equation, the value of z given in (|23|) 
becomes the desired ones. 

The case of Type II and of Type III can be derived in a similar way. □ 

Remark 4.3. We point out that the ODE (|15|) and (|16j) can be written as the Riccati equation 
with constant coefficients 

(25) x' = ax^ + hx + c, a, 6,cGM, 

which is a separable equation. 
The ODE ((Tl} is of type 

x' = a cos X + h sin x + c, a, 6, c G M, 
which can be reduced to ()25() . 

Remark 4.4. The proper biharmonic curves of Type I, given in (|13() . lie in the "round cylin- 
der" 

S = {(x,y,z) e M : (x - cf + {y - df = 6^ sin^ao} 

and they are geodesies of S. The surface S is invariant by traslations along the z axis, which 
are isometrics with respect to the Cartan-Vranceanu metric. Similarly, the proper biharmonic 
curves of Type II and of Type III are geodesies of the "cylinders" y = x tan /^o + a and x = xq 
respectively. For the case l"^ = 4m, £ 7^ 0, i.e. the case of the 3-dimensional sphere, it was 
proved, in p], that the proper biharmonic curves are geodesies on the Clifford Torus which 
is a S'0(2)-invariant surface of S'^. We can conclude that any proper biharmonic curve of 
the Cartan-Vranceanu spaces is a geodesic on a surface which is invariant under the action 
of an 1-parameter group of isometrics. 
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